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Abstract
In this work we discuss two dierent manifestations of electronic transport
phenomena in semiconductor superlattices. In the rst problem, we analyze recent
experimental data of measurements of the Seebeck coecient in InAlAs superlattices
doped with ErAs nano-particles. Inspired by the known fact that a Schottky bar-
rier develops at the ErAs-semiconductor interface, we formulate a phenomenological
transport theory that explicitly considers the energy-dependent scattering on this
barrier and determine its consequences on the transport properties. We show that
in the miniband conduction regime, nano-particles can realize a ltering eect by
increasing the scattering rates of the slow-moving carriers leading to an increased
value of the Seebeck coecient. The magnitude of the increment depends linearly
on the Schottky barrier height and saturates for large values. Our results reproduce
the approximately 20% increase in the value of the Seebeck coecient observed ex-
perimentally. This model oers a physical, intuitive way for explaining the observed
experimental behavior and allows a realistic quantitative estimate at the same time.
In the second problem, the self-consistent density response of an electron sys-
tem is studied in a two-dimensional (2D) lateral superlattice with spin orbit inter-
action (SOI). Under the eect of the lateral periodic potential, the single-electron
2D states are broadened into minibands that are spin-split by SOI. In the case of a
single fully-occupied miniband, we calculate the long wavelength limit of the polariza-
ii
tion function for intra-band transitions, within the random phase approximation at
T = 0K, and identify the plasmonic dispersion relation in the eective mass approx-
imation. The interplay between band eects and SOI coupling, considered here to be
linear in the electron momentum (Rashba), is shown to generate a highly anisotropic
collective excitation spectrum. If the plasmon propagating perpendicular on the su-
perlattice axis has the characteristic frequency of the quasi one-dimensional system
weakly modied by the SOI split, the one propagating along the SL axis is enhanced
by the SOI that couples, through its dependence on the periodic momentum of a
Bloch electron, density uctuations in dierent layers of the superlattice. The ex-
citation frequency of this mode is found to depend on the miniband width and the
amplitude of the SOI coupling constant. This is the only instance we are aware of
where the SOI interaction acts as an amplier of the plasmonic modes.
iii
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Chapter 1
Introduction
First introduced in the experimental physics world in the early 70's by Esaki
and Tsu [1], superlattices are composed of alternating layers of two (or more) dierent
constituents having dierent energy-band parameters, with a periodicity much greater
than the fundamental lattice constants. The coupling between successive quantum
wells aligned along one spatial direction by molecular beam epitaxy (MBE) alters
the electronic properties and band structures of the individual components leading to
essentially new materials, with properties that are intermediate between those of the
constituents. The great interest in these structures is explained by their ability to
accommodate in a reproducible environment the interplay between quantum eects,
characteristic to the two dimensional layers, and the existence of the third dimension,
along the growth direction of the superlattice.
Early on, two types of superlattices were created and studied, known as type
I and II. Type-I superlattices are exemplied by a GaAs/AlxGa1 xAs system, in
which the band gap of GaAs is smaller than and contained within, that of AlxGa1 xAs
giving rise to band-gap discontinuities in both the valence and conduction bands of
the resultant superlattice. As shown in Fig. 1.1, when the AlxGa1 xAs are doped with
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Figure 1.1: In type-I superlattices, the band gap of one semiconductor is contained within
the band gap of the other.
impurities, the electrons released by donors drop into the GaAs sides of the band-gap
discontinuities. The resulting one-dimensional potential well quantizes the motion
of the electron in the z-direction, and so the conduction band of GaAs will be split
into a series of subbands (if the electron wave functions in adjacent potential wells
do not overlap) or minibands (if they do), each of which represents a continuum of
free-electron-like states in the x  y plane, perpendicular to the z-direction. Thus, as
far as electronic properties are concerned, type-I superlattices are a periodic array of
quasi-two-dimensional electron gases. In type-II superlattices, as exemplied by the
InAs/GaSb system shown in Fig. 1.2, the band match-up is such that the conduction
band minimum of InAs is below the valence band maximum of GaSb. In this case
there is a transfer of electrons from one layer (GaSb) to another (InAs), resulting in a
spatial separation of electrons and holes in adjacent potential wells, with the formation
of electrons and holes minibands. Type-II superlattices consist of alternating electron
and hole layers.
The generalization of these ideas to three dimensions would represent an ar-
ticial crystal with tunable band structure in all spatial directions. In particular, in
two dimension, such a conguration was obtained by subjecting a two-dimensional
2
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Figure 1.2: In type-II superlattices, the conduction band minimum of one semiconductor
is below the maximum valence band of the other.
electron system (2DES) to a periodic square lattice potential. In this case, the width
of the minibands and gaps are dependent on the period of the lattice and the ampli-
tude of the periodic modulation, which are adjustable parameters. For this purpose,
the periods of the superlattice need to be of the order of the Fermi wavelength of the
electrons (50 nm in GaAs heterojunctions) and to have a 2DES close enough to the
surface in order to impose a suciently strong potential modulation via patterned
top gates and to employ homogeneous, high mobility 2DES such that broadening due
to impurities and inhomogeneities does not obscure the minibands.[2]
After being intensively studied for their remarkable electric transport proper-
ties, a completely dierent direction taken by superlattice research has been show-
cased only recently when SL made out of good thermoelectrics were shown to have
better thermoelectric properties than the equivalent bulk compounds. The quality of
thermoelectric materials is expressed through the gure of merit, ZT = S
2T

, which
represents the ratio of the power factor, calculated as the product between the Seebeck
coecient (thermopower) S and the electric conductivity , to the thermal conduc-
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tivity . Increasing ZT has been the most important goal of recent thermoelectric
research. In this eort, the focus is on materials and systems that simultaneously
exhibit a large electric conductivity and a small lattice thermal conductivity, the
dominant contribution to . Traditionally, the thermoelectric materials were based
on alloys, typically p-BixSb2 xTe3 ySey (x  0:5; y  0:12) and n- Bi2(SbyTe1 y)3
(y  0:05) for the 200   400K temperature range [3]. A ZT of 0:75 was reported
in such materials more than forty years ago. Since then there has been only limited
progress in nding materials with enhanced gure of merit at room temperatures.
The highest ZT in bulk materials at 300K appears to be 1:14 in a BiSbTe alloy [3].
Under external perturbations, such as pressure and high magnetic elds, the reported
gure of merit of thermoelectric materials still hovers around 1.
Fundamentally, achieving higher values for ZT can be realized either by max-
imizing the numerator or by decreasing the denominator. The most important factor
that has been shown to increase the numerator is the reduction of the dimensionality
of the system, associated with an enhanced density of states at the Fermi surface.
The substantial increase in ZT demonstrated in this case [4] is associated primarily
with the enhanced value of conductivity that can be signicantly improved by doping.
This idea was expanded upon in experimental works performed in superlattices and
quantum dots that reported ZT  2  4 at room temperature [3, 5].
While increasing the density of states aects positively the conductivity, its
consequence on the Seebeck coecient is much more subtle, since the latter depends
on the particle density only through the energy. Hence, further increment of the power
factor has been sought through various mechanisms designed to perform a selection
of the electrons by their energy, aiming at eliminating the slow carriers. The ltering
eect refers to the preferential scattering of low energy electrons that are thus being
removed from the charge ow, increasing the thermopower. Such an example is the
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thermionic emission over a barrier. Initially introduced in the context of solid-state
ecient refrigeration [6], thermionic emission was adopted as an energy ltering eect
in several works that predicted enhanced gures of merit in ultrashort (very short SL
period) metallic [7] and in InGaAs/InAlGaAs superlattices [8].
Alternately, reducing the thermal conductivity below the alloy limit, dened
as the thermal conductivity of the alloy with the same stoichiometric composition, has
been obtained experimentally in several congurations of ultrashort GaAs/AlAs and
Bi2Te3/Sb2Te3 superlattices, characterized by periods in the range of 1-4nm [9]. One
of the most relevant recent experiments suggests that it might be possible to beat
the alloy limit by using uncorrelated phonon scattering [10]. The experiment was
done in In0:53Ga0:47As in which ErAs nanoparticles were embedded. In such alloys,
atomic substitutions scatter phonons due to dierences in mass and bond stiness.
In the Rayleigh scattering regime, the scattering cross section varies as   b6=4,
where b is the size of the scattering particle and  is the phonon wavelength. For
atomic substitutions in alloys b  1A. This relation suggests that short-wavelength
phonons are scattered more eciently than the mid and long wavelength phonons.
Hence, these latter phonons contribute to the thermal conductivity. By introducing
the ErAs particles of b  1   4nm in In0:53Ga0:47As the authors hypothesized that
the mid- and long-wavelength phonons are also scattered, which reduces the thermal
conductivity below that of an alloy.
In this work, we address two problems of interest in the transport phenomenol-
ogy of semiconductor SL. We start by outlining the general semi-classical theory of
transport coecients calculated by using the Boltzmann transport equation in the
relaxation time approximation in Ch. 2. Then, in Ch. 3, we consider the electric
transport properties exhibited by InGaAlAs/InGaAs type-I SL's that are doped with
ErAs. In particular we are concerned with the existence of a ltering eect that can
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increase the gure of merit of the superlattices based on the trapping of low-energy
carriers. Inspired by several experimental works that detect a Schottky barrier being
formed at the ErAs-semiconductor interface [11], we consider the nanoparticles as
limited height potential barriers. The additional energy-dependent scattering thus
introduced, favors the selective transmission of high-energy electrons and is shown
to have positive eect on the values of the Seebeck coecient. Our phenomenologi-
cal model is able to explain in a straightforward fashion several experimental results
concerning the measurement of the Seebeck eect in ErAs- doped SL [8, 12, 13].
A dierent perspective on the electronic properties of SL's is brought forward in
Ch. 4, where we investigate the charge density response function of a two-dimensional
lateral superlattice endowed with spin-orbit interaction. Here we are interested in
observing the eects of the interplay between the periodicity of the SL structure and
the Rashba interaction that involves the coupling between the linear momentum and
the spin degree of freedom in a 2D GaAs-type system that lacks inversion symmetry.
Recent advances in spintronics research have put this interaction at the center of
the discovery process of ways and means of manipulating the electron spin through
electric elds. In this work we calculate the frequency of the collective modes that
can be established in a lateral superlattice with spin-orbit interaction that is linear
in the electron momentum. The highly anisotropic spectrum is characterized by a
longitudinal plasmon that is only weakly modied by the SOI interaction, while the
plasmon that propagates parallel with the SL axis is enhanced by the interaction.
Several conclusions based on the results of this work are discussed in Ch. 5.
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Chapter 2
The Semiclassical Theory of
Thermoelectric Transport
2.1 Thermoelectric Eects
In the presence of an electric eld and a temperature gradient, solid structures
generate response functions that reect the mutual interdependence of these pertur-
bations. The phenomenological description of these response functions was done as
early as the end of the 19th century. The Seebeck eect describes the appearance of
an electric eld in a circuit made of two dierent metals (denoted by a and b), whose
junctions are kept at dierent temperatures. The proportionality constant between
the electric eld and the temperature gradient is called the Seebeck coecient or
thermopower,
~E = SabrT ; (2.1)
Conversely, when a current ows across a junction between two dierent met-
als, heat is generated or lost at the junction, depending on the direction of the circuit
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and the nature of metals. This phenomenology is known as the Peltier eect whose
microscopic origin is the dierence in the work function of the two metals. Quanti-
tatively, the heat absorbed or generated in unit time is proportional to the electric
current passing through the junction, according to the relation:
dQ
dt
= ~je ; (2.2)
where  = ST is the Peltier coecient of the metals forming the junction.
The ow of an electric current ~je through a metal in the presence of a temper-
ature gradient is responsible for heat being released or absorbed at a rate described
by the Thomson coecient,
dQ
dt
= ~je  rT : (2.3)
In a phenomenological description, the linear response functions for the charge and
heat currents ~je and ~jQ can be written as
~je = L^11 ~E + L^12

 rT
T

; (2.4)
~jQ = L^21 ~E + L^22

 rT
T

; (2.5)
where by applying the Onsager symmetry relations, L12 = L21. If in the rst equation
we set rT = 0 (no thermal gradient applied), L11 becomes the electrical conductivity.
When ~je = 0, the rst equation generates the relation between the temperature
gradient and the induced electric eld,
~E =
L12
L11
rT
T
; (2.6)
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The Seebeck coecient is dened therefore as
S =
L12
L11T
: (2.7)
Further, replacing (2.6) into the second phenomenological equation, the thermal con-
ductivity is obtained,
 =
L22
T

1  L
2
12
L11L22

: (2.8)
The value of Peltier coecient is obtained by making rT = 0 into both phenomeno-
logical equations,
~je = L^11 ~E ; (2.9)
~jQ = L^21 ~E ; (2.10)
which leads to ab =
L12
L11
. Identifying the factors, we obtain the second Thomson
relation, connecting thermopower with the Peltier coecient:
Sab =
ab
T
: (2.11)
The microscopic origin of the phenomenological coecients Lij is claried by the
Boltzmann transport theory.
2.2 Boltzmann Transport Equation
The simplest, but qualitatively and quantitatively accurate, picture of thermo-
electric transport is obtained within the semi-classical framework of the Boltzmann
transport equation applied to a system of free fermions. For a system of n electrons
9
per unit volume, superimposed on a positive background to assure charge neutral-
ity, the single particle states, indexed by momentum k and spin  are described in
equilibrium at temperature T by the Fermi distribution function
f 0k =
1
e
k 
kBT + 1
: (2.12)
The Boltzmann transport equation results from a semi-classical approximation
that allows the treatment of electrons as classical objects moving in phase space under
the action of classical perturbations, such as forces and temperature gradients, whose
momenta and positions are simultaneously determined. At the same time, however,
the state and energy of the electrons are calculated quantum mechanically.
When a perturbation is applied, the distribution function becomes a function
of position, momentum and time, f = f(~r;~k; t). The Boltzmann transport equation
represents the conservation of the number of particles in a volume of phase space:
df(~r;~k; t)
dt
=
@f(~r;~k; t)
@t

coll
; (2.13)
by expressing the fact that the total change of the distribution function results only
from scattering events that take the particles outside the considered volume.
The left-hand side of this equation is obtained by expanding the total derivative
of f with respect to time, generating the drift terms:
df(~r;~k; t)
dt
=
@f
@t
+
_~kr~kf + _~rr~rf : (2.14)
We identify _~r = ~vk as the electron velocity, while
_~k =
~F
~ expresses the second law of
dynamics, whereby the time variation of the momentum is equal to the applied force,
~F . The explicit time dependence, @f(~r;
~k;t)
@t
, is equal to zero in the stationary case. For
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weak perturbations, the linear approximation applies to the drift terms,
r~rf(~r;~k; t)  r~rf 0k =
@f 0
@T
rT + @f
0
@
r ; (2.15)
rewritten as,
r~rf(~r;~k; t) =

 df
0
dk

r+ k   
T
rT

; (2.16)
and,
r~kf(~r;~k; t)  r~kf 0k = r~kk
df 0
dk
= ~~vk
df0
dk
; (2.17)
where we recognized that the drift velocity ~vk =
1
~r~kk.
From Eqs. (2.16) and (2.17) we obtain:
df
dt
=

 df
0
k
dk

e ~E +r+ k   
T
rT

: (2.18)
In the time relaxation approximation, the right hand side of Eq. (2.13), the collision
term can be written as,
@f(~r;~k; t)
@t

coll:
=  f(~r;
~k; t)  f 0k
(~k)
: (2.19)
In general, for elastic collisions,  is considered to depend on the momentum ~k only
through energy.
Eqs. (2.18) and (2.19) lead to what is known as the solution of the Boltzmann
equation in the relaxation time approximation,
f(~r;~k; t) = f 0(k) + ~vk
@f 0
@k

e
~~E +
k   
T
rT

; (2.20)
where
~~E = ~E + 1
e
r is the electrochemical potential.
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2.2.1 Transport Coecients
The solution of Boltzmann transport equation is necessary to calculate the
electric and energy current that appear in an electron system in the presence of an
electric eld and a temperature gradient. The electric current is proportional with
the sum over all occupied states of the particle velocities, while the energy current
sums all available energies (expressed with respect to the Fermi level) multiplied by
the particle velocity, weighted by the occupancy function of those states:
~j =  2e
X
~k
~~k
m
f(~r;~k; t) ; (2.21)
~jQ = 2
X
~k
(k   )~
~k
m
f(~r;~k; t) ; (2.22)
where a factor of 2 was introduced to account for the spin degeneracy. Upon the
insertion of Eq. (2.20), Eqs. (2.21) and (2.22) become,
~j = ^
~~E   ^rT
T
;
~jQ = ^
~~E   ^rT
T
: (2.23)
The cartesian components of the rank-2 tensors ^; ^ and ^ specied in respect with
spatial directions i; j are given by
ij = 2e
2
X
~k
()vi(~k)vj(~k)

 @f
@

; (2.24)
ij =  2e
X
~k
()vi(~k)vj(~k)(  F )

 @f
@

; (2.25)
ij =
2
T
X
~k
()vi(~k)vj(~k)(  F )2

 @f
@

: (2.26)
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For simplicity, in the following consideration we will assume isotropic response and
reduce these tensors to scalar behavior. The physical signicance of these quantities is
immediately apparent from Eqs. (2.21) and (2.22). In the absence of the temperature
gradient, Eq. (2.21) reduces to
~je = 
~eE ; (2.27)
indicating that  = L11 is the electric conductivity. Similarly, in the absence of any
electrochemical elds, L22 = =T .
The presence of a temperature gradient rT , in an open circuit, when ~je = 0,
induces an electric eld such that
~eE = 
T
rT : (2.28)
The proportionality coecient in Eq. (2.28) is the thermopower, from Eq. (2.1),
S =

T
: (2.29)
Moreover, the phenomenological parameter L12 is found to be =T .
If the electric eld
~eE is eliminated between Eq. (2.21) and Eq. (2.22), one
obtains,
~jQ =


~je +

2
T
  

rT : (2.30)
When ~je = 0, the proportionality between the heat current and temperature gradient
denes the electronic thermal conductivity,
e =   
2
T
: (2.31)
13
2.3 Power Factor and Figure of Merit
The power factor is dened as,
P = S2 ; (2.32)
or, when expressed in terms of the transport coecients,
P =
1
T 2
2

: (2.33)
The total thermal conductivity in a solid has a contribution from the transport
of electrons, e, as given by Eq. (2.31), plus a contribution due to the lattice phonons,
L, which is generally much larger than the electronic contribution. The total thermal
conductivity is thus
 = e + L : (2.34)
While the power factor P can be calculated by solving the Boltzmann transport
equation for the electrons, its dominant term, the lattice contribution in the expression
of thermal conductivity, requires a phononic model of the crystal lattice that will not
be addressed here.
The gure of merit ZT is dened as the ratio between the power factor and
the total thermal conductivity of a material,
Z =
S2
e + L
; (2.35)
and has the dimensionality of 1
T
. The dimensionless product ZT is frequently used
to characterize the thermoelectric properties of a material.
14
Chapter 3
Thermopower of a Semiconductor
Superlattice With Nanoparticle
Inclusions
Various mechanisms employed in the preferential scattering of low energy elec-
trons that are thus being removed from the charge ow with positive consequences
on the magnitude of the thermopower have been known to produce a ltering eect.
Such an example is the thermionic emission over a barrier. Initially introduced in
the context of solid-state ecient refrigeration [6], thermionic emission was adopted
as an energy ltering eect in several works that predicted enhanced gures of merit
in metallic ultrashort SL's with thick, tall barriers that prevent tunneling [7] and in
InGaAs/InAlGaAs superlattices [8].
For a gas of free electrons, as shown in Fig. 3, the phenomenology behind this
idea centers around the fact that the ability to overcome tall barriers is restricted to
only a certain fraction of the carriers, whose energies are larger than the energy of
the barrier V0. An electron of momentum k = (kk; kz), where kk =
p
k2x + k
2
y is the
15
Figure 3.1: The number of electrons available for tunneling when the lateral momentum
kk is conserved is V1, determined by kz > kb =
p
2mV0=~2. It increases to V1 when
the momentum is not conserved and for thermionic emission
q
k2k + k
2
z > kb. The non-
conservation of lateral momentum in thermionic emission over a barrier is required for
preserving the high value of the conductivity, as described in Ref. [7]. kf is the Fermi
wave-vector.
in-plane momentum and kz the momentum along the SL axis, and eective mass m
,
is able to undergo thermionic emission over the barrier when,
~2
2m
(k2k + k
2
z)  V0 : (3.1)
Since in a SL the cross-plane and in-plane motions are decoupled, as we show below,
it is rather only the z-direction contribution to the total energy that is involved in the
thermionic emission over the barrier, ~2k2z=2m, such that the solutions of Eq. (3.1)
are further constrained by
~2
2m
k2z  V0 : (3.2)
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This condition is a consequence of the conservation of the lateral component of the
momentum, kk during transport along the z-axis. Consequently, this requirement
reduces the fraction of the Fermi sea that is potentially involved in transport.
The simultaneous realization of the momentum and energy conservation con-
ditions embodied by Eq. (3.2) has negative implications on the electron conductivity
and does not present a viable option for improved thermoelectric transport. In order
to preserve a substantial number of electrons that are able to overcome the bar-
rier height, the non-conservation of the transverse momentum on the interface was
stipulated as an input to the theory, [14] relaxing the constraint of Eq. (3.2) to the
more lenient form of Eq. (3.1). The physical arguments that were brought forward
to justify the abandonment of the conservation of the lateral momentum principle
revolved around the roughness of the interfaces of the SL barriers that can introduce
additional local scattering that perturbs the momentum conservation. Once the mo-
mentum conservation is relaxed only to an energy conservation requirement, such as
in Eq. (3.1), the gure of merit was shown theoretically to increase. The experimental
report presented in Ref. [8] for an InGaAs/InAlGaAs SL where a substantial value
of the Seebeck coecient was measured, was attributed to the principle enounced
above. In this work, the Seebeck coecient was measured at room temperature while
the results were compared with the theoretical estimates, as shown in Fig. 3.
More recently however, the theoretical assumption of the non-conservation
of the momentum has been addressed in Ref. [15], where numerical calculations per-
formed within the non-equilibrium Green's function method for a SL in the mini-band
conduction regime indicate that rough interfaces do not seem to facilitate an improved
thermoelectric transport and the lateral momentum conservation principle appears
to hold irrespective of the additional scattering that might appear at the interface.
In the light of these two dierent perspectives, here we propose a shift of focus
17
5. Room-temperature Seebeck coefficient; comparison of
Figure 3.2: Measured cross-plane thermopower in a SL at T = 300 K plotted in Ref. [8]
as a function of the carrier concentration compared with theoretical estimates based on the
thermionic emission model with and without lateral momentum conservation.
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in interpreting the experimental results in Ref. [8] on the presence of the ErAs nano-
particles employed as dopants in the InGaAs/InAlGaAs SL, as shown in Fig. 3.3.
Previous extensive investigations showed that ErAs is a semi-metal that forms self-
assembled nano-particles, whose incorporation into semiconductor structures can have
several consequences including the creation of a buried Schottky barrier, the creation
of deep states for rapid carrier recombination, enhanced tunneling, doping, or phonon
scattering, and to reduce thermal conductivity by providing a very eective scattering
channel for mid-wavelength phonon [8, 11, 16]. We address therefore the role played
by the nano-particles in electron transport from the perspective of their involvement
in the ltering eect. This role has not been considered before in this context, even
though when additional scattering at the interface in nanostructures has been ex-
plored in other situations [17, 18] the consequence was an increase in the Seebeck
eect. In particular, here we argue that the Schottky barrier that is formed by the
ErAs nano-particles is acting as an additional tunneling factor, especially since based
on experimental ndings this barrier can be sometimes substantial, close to 580meV
[13].
Inspired by this experimental set-up, we construct a transport theory for
charge currents in the mini-band conduction regime based on a semi-classical Boltz-
mann transport equation that allows the calculation of the cross-plane electric con-
ductivity and thermopower by incorporating an energy-dependent scattering on nano-
particles. The nano-particles are described as nite width three dimensional barriers
and, consequently, no particular restrictions are placed on the energy of the carriers
that participate. We attribute therefore the observed increase in thermopower to this
random scattering process on 3D barriers that hinders the ow of electrons whose
energy is far from the Fermi surface.
We start by presenting a theoretical outline in Sec. 3.1 that discusses the
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Figure 3.3: The prototypical SL structure doped with Er-As nano-particle impurities from
Ref. [8].
Figure 3.4: The self-assembled Er-As nano-particle inclusions in Ref. [8].
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FIG. 2. Arrhenius plot of the inverse resistance between 2DEG and BG.
Figure 3.5: The measured Schottky barrier produced at the interface with Er-As nano-
particle impurities as discussed in Ref. [11].
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theoretical model which is based on the semi-classical Boltzmann transport equation.
Next, we discuss the results of our calculation along with a critical assessment of their
meaning.
3.1 Theoretical Outline
We consider a type-I superlattice system, generically described by a sequence
of N quantum wells of width lw equally spaced along the z axis by barriers of width lb
at distance a = lb+ lw. The wells are separated by potential barriers of height V0. In
the following considerations, we assume that the barrier is high enough and narrow
enough such that each well has just one bound electron state, described by the state
function
(z) =
1p

e jzj ; (3.3)
of energy
0 =  ~
22
2m
; (3.4)
where  = m(V0a)=~2. In the presence of tunneling, the electron states are described
by Bloch waves dened by momentum kz,
 kz(z) = e
ikzz
X
l
e ikz(z la)(z   la) : (3.5)
Momentum kz is quantized by applying the periodic boundary conditions in the SL,
kz = 2j=Na, where j is an integer in the interval ( N=2; N=2). When N is reason-
ably large, kz is quasi-continuous, as we will consider the case here. Under the same
circumstance, the single energy state is broadened into a miniband, whose width is
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given within the tight binding approximation by
 = 4V0
Z lw=2
 lw=2
dz(z)(z   a) : (3.6)
The energy of the single particle states along the z^ direction is now given by
E(kz) =

2
(1  cos kza) ; (3.7)
when referred to the minimum of the band.
The total energy of an electron of momentum k = (kk =
p
k2x + k
2
y; kz) and
eective mass m is therefore, kk;kz given by
kk;kz =
~2kk
2m
+

2
(1  cos kza) ; (3.8)
where it is assumed that the x y in-plane motion is essentially that of a free particle.
The velocity of such an electron is highly anisotropic. Obtained as the gra-
dients of the total energy in respect to the corresponding electron momentum, ~v =
~ 1r~kkk;kz , the two velocities are
vk =
~kk
m
;
vz =
a
2~
sin kza : (3.9)
This theoretical estimate obtained within the tight-binding approximation is
usually complicated under real experimental conditions by the peculiarities that char-
acterize each sample. As suggested in Ref. [12] written by the experimental group
that realized the structure in Fig. 3.3, the band prole is strongly inuenced by the
level of dopants in the well (the wells are doped, while the barriers are not) as they
23
determine the position of the Fermi energy. Since the dopants are in the well, there
is a charge transfer from well regions to barrier regions leading to a resulting electric
eld that modies the band prole. Moreover, the temperature itself aects the posi-
tion of the Fermi energy and leads to a change in the band prole. Since in this work
we intend to isolate the eect of the ErAs on thermoelectric properties, in our calcu-
lation we consider a single occupied mini-band of width  = 75meV, as described in
the preamble, that corresponds to a structure of periodicity a = 10nm. This choice
of parameters generates carrier concentrations and a cross-plane electron velocity of
2:5 105 m/s, comparable with those measured experimentally.
3.2 Scattering on nano-particle inclusions
The phenomenological theory we construct relies on the relaxation time ap-
proximation solution of the semi-classical Boltzmann transport equation discussed
in Sec. 2.2. In the following considerations, a relaxation time, that incorporates the
independent scattering channels involving impurities, acoustic and optical phonons,
() is estimated from the experimental data obtained on InAs/InAlAs SL's in Ref.[8],
where at T = 300 K a mobility  = 5600 Vcm2/s was measured within the barrier
region. Consequently, we employ a value of 0  10 13 s in the Boltzmann trans-
port equation. For the purpose of this calculation, this composite relaxation rate
is considered temperature independent, even though in reality a weak temperature
dependence is present. A very detailed calculation of these contributions is presented
in Ref. [12].
In addition to these scattering processes, we consider now the eect of the
nanoparticle inclusions on the electronic mean free path. The latter are assimilated
with three dimensional potential barriers of width w and height b, which are separated
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spatially by an average distance L. The presence of the additional barrier b in
the current ow implies a multiple tunneling process that aects primarily the less
energetic electrons. The calculation of the equivalent scattering rate closely follows
the method discussed in Ref.[19] where successive scattering on barriers is considered.
Let T1 and R1 be the transmission and reection probabilities of scattering on the
rst barrier 1 and T2 and R2 be the transmission and reection coecients through
the second barrier 2. Since the scattering on the barriers is random, the transmission
and reection coecients are functions of the total energy of the particles and are not
subject to any constraints regarding the momentum.
In the absence of any reection, the total transmission probability after scat-
tering through two barriers is T1T2. If one considers reections, however, another
contribution to the forward ow is realized provided that two successive reections
on the two barriers are involved. This contribution describes the electrons that are
rst transmitted through the rst barrier with probability T1, suer reection on the
second barrier with probability R2, undergo another reection on the rst barrier with
probability R1 and are nally transmitted through the second barrier with probabil-
ity T2. The corresponding contribution is then T1T2R1R2. Such resonant scattering
processes can occur with multiple reections between two consecutive wells, such that
the total transmission probability T12 is obtained by summing all the probabilities
associated with the resonant scattering described above,
T12 = T1T2

1 +R1R2 + (R1R2)
2 + : : : (R1R2)
n

=
T1T2
1 R1R2 : (3.10)
Using Eq. (3.10) and considering that R1 = 1  T1 and R2 = 1  T2, one can write,
1  T12
T12
=
1  T1
T1
+
1  T2
T2
: (3.11)
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Assuming identical barriers with transmission probabilities T (), after N successive
scatterings we obtain,
1  T (N)
T (N)
= N
1  T (E)
T (E)
: (3.12)
The additive property of (1 T ())=T () identies it, up to a proportionality constant,
with the scattering rate. We introduce nano, the relaxation time associated with
resonant barrier scattering, i.e. the average time spent by the electron between two
collisions, and write therefore that
1
 znano
 1
N
1  T (N)
T (N)
=
vz
L
1  T (E)
T (E)
(3.13)
where we dened the proportionality as the ratio between the velocity of the electron
in the direction of the ow, in this case vz and the distance between two consecutive
barriers. For the in-plane motion, similarly,
1

k
nano
 1
N
1  T (N)
T (N)
=
vk
L
1  T (E)
T (E)
: (3.14)
T (), the transmission probability through a single barrier of a single electron
of energy  is calculated in elementary quantum mechanics,
T () =
8><>:
h
1 +
2b
4( b) sin
2w
q
2m
~2 (  b)
i 1
for   bh
1 +
2b
4(b ) sinh
2w
q
2m
~2 (b   )
i 1
for   b
: (3.15)
With this, the corresponding relaxation time for cross-plane motion becomes,
1
 znano
=
vz
L
8><>:
2b
4( b) sin
2w
q
2m
~2 (  b) for   b
2b
4(b ) sinh
2w
q
2m
~2 (b   ) for   b
: (3.16)
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Based on these considerations, the overall relaxation rate is calculated with the
Matthiessen rule as the sum of all independent scattering rates,
1
 z;k()
=
1
0
+
1

z;k
nano
: (3.17)
Two advantages are immediately noticeable in this model. First, in a natural way we
can account for the anisotropy of the transport properties by introducing the direction
dependent relaxation time nano. In this case the dependence is realized through the
velocity of the electron. Second, the overall scattering lifetime depends on the total
particle energy, without being subject to the conservation of momentum problems
that appear in the case of the thermionic emission over the barrier.
3.3 Transport Coecients
The calculation of the transport coecients starts from the usual transforma-
tion of the ~k-sums in Eqs. (2.26) in integrals. The three dimensional momentum is
represented in a cylindrical coordinate as dk = 2kkdkzdkk. It is also useful to note
that dkkkk = m

~2 dk.
The density of states, g() =
P
kz ;kk
(  k), then becomes,
g() =
m
2~22
Z
dkz
Z 
0
dk[  (kk; kz)] : (3.18)
The delta function and the properties of the cosine function lead to the in-
equalities,
   k   : (3.19)
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With this, the density of states becomes,
g() =
m
~22
Z kmaxz
0
dkz =
N(0)
a
(kmaxz a)() ; (3.20)
where
kmaxz a() =
8><>: arccos
 
1  2


for   
 for   
(3.21)
with N(0) = m=~2 being the density of states at the Fermi energy in 2D.
The total number of particles in the system is calculated as
n =
Z 1
0
dg()f() (3.22)
a relationship that allows the calculation of the Fermi energy as a function of con-
centration, through the distribution function f() = [exp (  F )=kBT + 1] 1, as
presented in Fig. 3.3 for a bandwidth  = 75meV .
To calculate the thermoelectric coecients, in the z^ direction (cross-plane) or
x  y direction (in-plane) we employ the dierential conductivity ()[20],
k;z() = 2e2
X
kk;kz
 z;k()(  k)v2k;z (3.23)
where the in-plane velocity vk = ~kk=m, while the cross-plane velocity is obtained
from Eq. (3.8) as vz = ~ 1rzEkk;kz . The summation over k involved in Eq. (3.23) un-
dergoes the same transformations as in Eq. (3.20) leading to two direction dependent
functions that reect the anisotropy of the transport,
z() = 2e
2
X
kk;kz
 z;k()(  k)v2z
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Figure 3.6: Fermi energy level F dependence on carrier concentration n at T = 300 K for
a SL with a = 10 nm and miniband width  = 75 meV.
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=
me2
2~22
Z
dkzv
2
z
z()
Z
k[  (kk; kz)]
=
me2
~22
Z kmaxz
0
dkzv
2
z
z()
=
me2
2~22

a
2~
2 Z kmaxz
0
dkz
z() sin2 kza (3.24)
and
k() = 2e2
X
kk;kz
 k()(  k)v2k
=
me2()
2~22
Z
dkz
Z
dk k()[  (kk; kz)]v2k
=
e2()
~22
Z kmaxz
0
dkz

  
2
(1  cos kza)

 k

  
2
(1  cos kza)

(3.25)
Immediately, we estimate
L
()
z;k =
Z 1
0
dz;k()(  F )

 df()
d

(3.26)
which, when employed in Eq. (2.29) generate the thermopower.
3.4 Results and Discussion
For the system parameters discussed above, the numerical results are presented
below. We used as reference the data regarding the nano-particles presented in Ref.[8],
where they are shown to be about 1nm wide. Consequently, we employ in Eq. (3.16)
w = 1nm and L = 1nm. In Fig. (3.4) we show the eect of the additional scattering
on nano-particles on the values of electric conductivity as a function of the number
of carriers. As the barrier height increases, the scattering becomes more ecient but
obviously reduces the electric conductivity. For almost two orders of magnitude of
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variation of b, the conductivity decreases by one order of magnitude. The behavior
is monotonic as a function of b.
The ltering eect however is visible in the expression of the thermopower,
which is shown to increase as the barrier energy b increases. The approximately 20%
increase describes well the increase determined in the experimental curve obtained in
Fig. 3 and which was previously attributed to non-conservation of lateral momentum.
Moreover, we are able to replicate the order of magnitude obtained in reference [15]
that calculates the same quantity in a completely dierent framework. Also, our
results reproduce those of reference [12]. We note that the change in sign experienced
by the thermopower is generated by the uctuations in the density of states near the
edge of the conduction band and is a known eect in the general theory of transport
in SL's [21].
We clearly observe the results of the ltering eect that has been obtained
by preferential scattering of the electrons on the ErAs particles. The increase in
thermopower with the barrier function of the nano-particles is described, for a given
electron concentration n = 1 1018 cm 3, in Fig. 3.9. As in the case of other factors
that can modify the thermopower [15], the increment saturates as the barrier height
increases and the eect is stationary at large barrier values.
The increase in thermopower, however, does not compensate for the decrease
in electric conductivity, with an overall loss of power factor, as seen in Fig. (3.10).
Our results indicate that the energy-dependent scattering on the ErAs nano-
particles can account for the approximate 20% increase in the value of the ther-
mopower measured in SL's. Phenomenologically, this ltering eect plays the same
role as the energy dependence of the thermionic emission over a barrier, without being
constrained, however, by energy and momentum conservation requirements. It is very
likely that the experiments in Ref. [8] reect a combination of these two independent
31
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Figure 3.7: Calculated cross-plane electric conductivity vs. electron concentration for a
miniband width  = 75 meV for dierent values of the nanoparticle barrier, for w = 1nm,
L = 1nm. The conductivity decreases as b increases.
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Figure 3.9: Thermopower increase as a function of b for miniband width  = 75 meV, at
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mechanisms. Other possible mechanisms, such as a ltering eect through the SL
barrier, which in turn is an ultrashort superlattice rather (as described in the original
experiment) will be considered in a future work.
36
Chapter 4
Collective Modes in a Lateral
Superlattice with Spin Orbit
Interaction
4.1 Introduction
The impact of the spin-orbit interaction (SOI) on various properties of electron
systems has been a subject of great interest in recent spintronics research[22]. The in-
teraction, which appears as a result of the broken inversion symmetry in zinc-blende
two-dimensional (2D) structures (Rashba) or in bulk (Dresselhaus)[23, 24], deter-
mines a signicant change in the single-particle energy spectrum with consequences
on many static or dynamic properties. In this context, a great deal of attention was
given to the SOI-induced modications of the collective behavior of the electrons,
especially to the polarization function that describes the density response to an ap-
plied electric potential and determines the screening through its participation in the
dielectric function. Early analysis of the screening function in homogeneous 2D sys-
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tems [25, 26, 27] indicated that in the presence of SOI, the long-wavelength limit of
its poles, given by the real part of the polarization function and the corresponding
plasmon frequencies, are basically unchanged. This can be understood simply by
recognizing that spin-symmetric, density dependent properties are left invariant by
the spin rotation caused by SOI, while second order eects are overshadowed by the
usual plasmonic values. More signicant is the impact of SOI on the many-body
properties determined by the imaginary part of the polarization function, such as the
electron relaxation rates [28, 29] or from the plasmon decay into electron-hole pairs.
The latter appears to exhibit unexpected features in the presence of both Rashba
and Dresselhaus couplings, when it was found that along preferential directions in
the electron-hole continuum, for certain values of the wavevector, the plasmons are
over-damped, resulting in a ltering eect.[30]
In this chapter, we extend the investigation of the real part of the polarization
function to a 2D lateral superlattice (SL) with a Rashba-type spin-orbit coupling
that is linear in the electron momentum.[31, 32, 33, 34] This system is obtained by
subjecting a 2D electron layer to an external periodic potential that localizes the elec-
trons along certain spatial directions. When tunneling occurs between the quantum
wires thus created, the single electron states broaden into minibands whose width
is proportional to the tunneling probability. Superlattice systems, in both two and
three dimensions, have long been appreciated by theorists and experimentalists alike
for the possibility of tailoring their properties in the growth process and thus obtain
the most favorable situation for the observation of various phenomena.[35, 36, 37, 38]
Previous discussions of the collective excitation modes have underlined the sensitivity
of the plasmonic excitation frequencies to band eects and the changes brought by
periodicity on the Coulomb interaction. These characteristics are especially apparent
in the dispersion relation of the plasmon mode propagating parallel to the superlat-
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tice axis, whose existence is a result of the coupling between density excitations in
dierent wires intermediated by tunneling.[39, 40, 41] We anticipate therefore, that
in the presence of SOI, the frequency of a plasmon that propagates along the sym-
metry axis of the SL will be strongly modied considering that electrons in dierent
wires will now be coupled through the Rashba interaction that depends on the Bloch
velocity of the electrons.
The real part of the polarization function is calculated self-consistently within
the random phase approximation (RPA) by following the equation-of-motion algo-
rithm, previously used successfully to analyze response functions in two and three
dimensional SL's.[35, 36, 37, 38] In the long-wavelength limit the poles of the di-
electric function are determined. The ensuing dispersion relations are found to be
highly anisotropic. The plasmon that propagates along a direction perpendicular to
the SL axis has a minimally lower frequency than the one in the absence of the SO
coupling, similar to the case of homogeneous 2D systems. Quite dierently, however,
the collective excitation along the superlattice axis, in the case of a fully-occupied
miniband, is enhanced by the existence of Rashba interaction. Numerical results for
two dierent SL's are discussed.
4.2 Theoretical model
The system under consideration is obtained by subjecting a 2D electron layer
to an additional attractive potential that is periodic along the x^ direction. The
conning potential acts on a nite region of width b and has periodicity a. We will
assume that b a, but remains nite, such that the Coulomb interaction is that of a
2D system. A suitable choice of potential and b can be made, assuring that the energy
dierence between the ground state level in the well and the next excited state is much
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larger than any of the broadening eects induced by tunneling and spin-orbit eects.
Moreover, this approximation allows one to consider that in the presence of an electric
potential, density excitations that occur within the lowest miniband are decoupled
from other possible excitations and they constitute our present interest.[36, 37, 38]
Tunneling occurs between the quasi-one-dimensional wires thus constructed and, as
a result, the single-particle states inside the wells broaden into minibands that are
spin-split by the SO interaction.
In the absence of SOI, the eigenstate of an electron of momentum k = fkx; kyg,
spin  and eective mass m in the lateral superlattice is built as a Bloch function
from the single-particle state inside the wire (x), multiplying an up or down spin
state  = fj ">; j #>g,
 kx;ky ; =
1p
Ly
eikyykx(x) ; (4.1)
with
kx(x) =
Rkxp
N
X
l
eikxla(x  la) : (4.2)
kx is subject to periodic boundary conditions, and is given by kx =
2
Na
j, where
j 2 [ N=2; N=2]. The normalization factor Rkx diers from 1 by the overlap between
states in two adjacent wells,  =
R1
 1 dx(x)(x  a),
Rkx = [1 + 2 cos kxa]
 1=2 : (4.3)
With  = 4
R b=2
 b=2 dx(x)V (x)(x a), the single-particle energy is written, in respect
to the minimum of the band, as
k =
~2k2y
2m
+

2
(1  cos kxa) : (4.4)
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When a Rashba-type interaction of coupling constant  is present, HR =
(p)z^, the spin-degenerate miniband splits. In a perturbative approach,[31, 32] the
energy spectrum is determined within the tight-binding approximation by performing
a diagonalization of the Rashba-interaction within the Hilbert space of the single-
particle states, Eq. (4.1). The electron momenta that participate in the SO coupling
are
py = ~ky
px =
m
~
@kx;ky ;
@kx
=

ma
2~

sin kxa : (4.5)
Two new chiral minibands, shown in Fig. 4.2, corresponding to chiral quantum num-
ber  = 1 emerge, their associated single-particle energies being,
Ek; = k + 
s
(~ky)2 +

ma
2~
2
sin2 kxa : (4.6)
The corresponding eigenstate is given by,  k;(x; y) = e
ikyykx(x)j >k : The spinor
j >k represents a linear combination of up and down spin states whose coecients
are momentum dependent,
j >k= 1p
2
j "> +ei'k j #> : (4.7)
The chiral angle 'k is specied through its trigonometric functions,
sin'k =
py
p
=
~kyq
(~ky)2 +
 
ma
2~
2
sin2 kxa
;
cos'k =
px
p
=
ma
~ sin kxaq
(~ky)2 +
 
ma
2~
2
sin2 kxa
; (4.8)
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Figure 4.1: The mini-band structure of a lateral superlattice with Rashba spin-orbit cou-
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where p =
p
p2x + p
2
y is the magnitude of the electron momentum.
The limits of this approximation were tested in Ref. [42]. There the elec-
tron Bloch functions in the superlattice were constructed from the single-particle
eigenstates of the Rashba Hamiltonian in each wire, the spin coecients and the
single particle energies being calculated in the tight-binding approximation. The dis-
persion relations for the lowest-two chiral mini-bands found in this way are similar
to those expressed in Eq. (4.6). Moreover, the points of chiral-spin degeneracy, at
kx = 0;=a are preserved. Since the physical properties discussed in this paper are
obtained through an algorithm that integrates over all the energy states within the
two lowest-lying mini-bands, the analytic model presented above is expected to pro-
vide an adequate qualitative and quantitative description of the problem for a large
range of values of  and .
4.3 The density response function
We calculate the self-consistent density response function to an electric eld
within the RPA by following the equation-of-motion method [35, 43, 44]. The particle
density uctuations induced by a perturbation are expressed as the dierence between
the average of the density operator on the unperturbed ground state, denoted by
< : : : >0, and the equilibrium density,
n(r; t) =< 	y(r; t)	(r; t) >0  n0 : (4.9)
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The eld operator 	(r; t) is a linear combination of single particle states  k(x; y)
multiplying destruction (creation) operators c
(y)
k;(t),
	(r; t) =
X
k;
 k(x; y)ck;(t) : (4.10)
< : : : >0 in Eq. (4.9) denotes the average on the unperturbed ground state. The
Fourier transform of the time-dependent density uctuation is given by,
n(q; t) =
X
k;k00
< kje iqrjk0 >< cyk;(t)ck0;(t) >0  n0q;0 : (4.11)
An electric potential  e(r) generates the interaction Hamiltonian
Hint =  e
Z
dr(r)n(r; t) =
X
k;k0
< kj(r)jk0 > cyk;(t)ck0;(t) (4.12)
which determines the time evolution of the density uctuations through the equation
of motion,
i~ <
@n
@t
>0=< [H;n(t)] >0 : (4.13)
The result of this algorithm is expressed in terms of the frequency- and wavevector-
dependent density uctuation n(q; !),
n(q; !) =
X
k;k0
n0k;   n0k0;
Ek;   Ek0; + ~! < kje
 iqrjk0 >< k0j( e)jk > : (4.14)
n0k; =< c
y
kck >0 represents the equilibrium occupation number for a given single-
particle state jk;  > of energy Ek;. Within the RPA, the electric potential  e(r)
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is self-consistently induced by the uctuations.
  e(r) =
Z
dr0
e2
jr  r0jn(r
0; t) =
X
q0
v(q0)e
iq0rn(q0; t) ; (4.15)
where v(q0) = 2e
2="q0 is the Fourier transform of the Coulomb interaction in a 2D
system of dielectric constant ". The matrix element of the self-consistent potential
between the states labeled by fkg and fk0g is
< k0j   e(r)jk >=  e
X
q0
v(q0) < k
0jeiq0rjk > n(q0; !) : (4.16)
Eqs. (4.14), (4.15), and (4.16), provide the self-consistent equation satised by the
particle uctuations in the RPA,
n(q; !) =
X
k;k0
n0k;   n0k0
Ek;   Ek0; + ~! < kje
 iqrjk0 >

X
q0
v(q0) < k
0jeiq0rjk > n(q0; !) (4.17)
For a given pair of states fkg; fk0; g, the simultaneous existence of the two matrix
elements, < kje iqrjk0 > and < k0jeiq0rjk >, implies, q = q0 [44]. Hence,
n(q; !) =
X
k;k0
n0k;   n0k0;
Ek;   Ek0; + ~! j < kje
 iqrjk0 > j2v(q)n(q; !) : (4.18)
The matrix element that appears in the above expression is calculated explicitly when
the components of k = fkx; kyg are introduced. We obtain,
< kx; ky; je iqrjk0x; k0y;  >=< k0xje iqxxjkx >< k0yje iqyyjky > F(kx; ky; k0x; k0y) ;
(4.19)
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The chiral form factor F(kx; ky; k
0
x; k
0
y) is produced by the overlap of the two spinors
j >k and j >k0 in the spin space, Eq. (4.7),
F(kx; ky; k
0
x; k
0
y) =k< j >k0=
1
2

1 + e i'k+i'k0

: (4.20)
The orthogonality of the single-particle states imposes the conservation of the mo-
mentum k0 = k+q, which implies, < kyje iqyyjk0y >= k0y ;ky+qy and < kxje iqxxjk0x >=
k0x;kx+qxA(kx; kx+ qx) ; where A(kx; qx) results from the overlap of the single-electron
states, Eq. (4.2), along the x^ direction,
A(kx; qx + kx) = RkxRkx+qx
X
l
e ikxla
Z 1
 1
dx(x)e iqxx(x  la) : (4.21)
In the tight-binding approximation, A(kx; qx + kx) can be calculated to be
A(kx; qx) = RkxRk0x
Z 1
 1
dx (x)2eiqxx + 2<e

eikxa
Z 1
 1
dx (x)eiqxa(x  a)

:
(4.22)
(<e denotes the real part of a complex number.)
Because of the superlattice periodicity along the x^ direction, the momentum
transfer qx can be dened only up to a reciprocal lattice vector 2s=a when umklapp
processes are included. Therefore, if q is restricted to reside in the rst Brillouin
zone, the self-consistent equation satised by the intra-band density uctuations is
obtained, with input from Eqs. (4.18), (4.19), (4.20) and (4.21) written for qx !
qx + 2s=a, to be,
n(q; !)
241 X

X
kx;ky
n0k q=2;   n0k+q=2;
Ek q=2;   Ek+q=2; + ~!
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 jF(kx; ky; qx; qy)j2
X
s
2e2jA(kx; qx + 2s=a)j2q
(qx + 2s=a)2 + q2y
35 = 0 : (4.23)
This nal form takes advantage of the fact that with the exception of the longitudinal
form factor A and the Coulomb interaction Fourier transform, v(q), all the functions
are periodic in the reciprocal space and are left invariant by umklapp scattering.
4.4 Results and conclusions
The result of Eq. (4.23) is characteristic for single-miniband superlattices pre-
viously discussed in Refs. [35, 36, 37, 38]. An exact analytic estimate of its solutions
for all values of frequency and wavevector is dicult considering the complicated
expression of the single-particle energy. An important simplication occurs in the
weak tunneling regime, where only nearest-neighbor tunneling is considered. Then,
in rst order in the tunneling probability, the form factor A(kx; qx) in Eq. (4.21) is
independent of kx regardless of the exact analytic form of the single well function
(x).[36, 37, 38] This approximation allows the factorization of the double sum in
Eq. (4.23) and enables the direct denition of the total polarization of the 2D lateral
superlattice,
P (qx; qy; !) =
X
kx;ky
n0k q=2;   n0k+q=2;
Ek q=2;   Ek+q=2; + ~! jF(kx; ky; qx; qy)j
2 ; (4.24)
where, from Eq. (4.20),
jF(k;q)j2 = 1
2

1 +  cos('k q=2   'k+q=2)

: (4.25)
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The structure of Eq. (4.24) is that of the usual real-part of the polarization function
of a 2D free electron system with SOI [25], except for the dierent dispersion of the
single-particle energies.
The symmetry of the chiral form factors and of the single-particle energies
that are even functions of k, permits a rearrangement of the terms in Eq. (4.24),
P (q; !) =
X
k;
n0k;

2(Ek+q;   Ek;)jF(k+ q=2;q)j2
(~!)2   (Ek+q;   Ek;)2
+
2(Ek+q;    Ek;)jF; (k+ q=2;q)j2
(~!)2   (Ek+q;    Ek;)2

: (4.26)
In the plasmon frequency domain, the contribution to the overall value of the po-
larization function comes only from the intra-chiral uctuations ( = ) and it is
customary to consider that in the corresponding denominators ~! >> E. The
inter-chiral excitations ( 6= ) are realized only for values of the frequency above a
certain nite threshold and do not participate to the long wavelength (q ! 0) oscil-
lations. Thus, if we expand in terms of the ratio E=~!, and then in a power series,
up to second order, in q, we obtain the long-wavevector polarization expression,
P (q; !) =
1
(~!)2
X
;kx;ky
n0k;

q2x
@2
@k2x
+ q2y
@2
@k2y

Ek;

: (4.27)
Eq. (4.27) represents the eective mass approximation of the polarization function
since the second order derivatives of the energy are proportional to the eective masses
along the corresponding directions.[39, 40, 41] The energy dispersions, Eq. (4.6),
generate two highly anisotropic results:
@2Ek;
@k2x
=
a2
2
cos kxa+ 
"
p2y
p3

dpx
dkx
2
+
px
p
d2px
dk2x
#
; (4.28)
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@2Ek;
@k2y
=
~2
m
+ 
p2x
p3

dpy
dky
2
: (4.29)
It is apparent at this point that the distinct dispersion of the plasmonic mode prop-
agating parallel to the SL axis is the periodicity of the velocity of a Bloch electron
that participates in the SOI coupling, for which pxd
2px=dk
2
x < 0 in Eq. (4.28). This
term originates in the interplay between tunneling eects that determine the band-
width and the Rashba interaction which determines the velocity-dependent energy
spectrum. Since its sign is always negative, it provides a counterbalance to the rst
term in Eq. (4.28) that changes the overall contribution of the Rashba interaction to
the plasmon frequency.
The analytic estimate of Eq. (4.27) requires several input considerations. First,
the two minibands of opposite chirality are assumed to be fully occupied, setting the
maximum value of the x-axis momentum, kFx = =a. For a given total particle
density n, and implicitly a set Fermi energy EF , the maximum value of the momentum
py is determined by the solutions of EF = Ekx;pFy ; for each value of kx. With px
and py from Eq. (4.5), the Fermi momenta along the y axis, as functions of kx, are
calculated to be
pFy(kxa) =vuut2m "EF  sin2 kxa
2
+m2   
s
2m

EF  sin2 kxa
2

+ p2x +m
22
#
:
(4.30)
The existence of both solutions for all values of kx requires that the Fermi energy
satises EF > (1+ma=~). This condition constrains the relationship between the
independent parameters of the problem, ,  and a.
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At T = 0K, the particle occupation number is represented by the product of
two independent Heaviside functions, n0k; = (

a
 jkxj)(kFy jkyj) which allow the
factorization of the sum over k. The connection between the particle density n and
the Fermi energy is therefore given by,
n =
1
2a~
Z 
0
d(kxa)(pFy+(kxa) + pFy (kxa)) ; (4.31)
where the evenness of the integration kernel was considered. Eq. (4.31) has to be
satised consistently with the condition on EF that guarantees the existence of the
two Fermi momenta.
The same computational algorithm is used in estimating Eq. (4.27) which
becomes,
P (q; !) =
1
2~a(~!)2
a2
2
Z 
0
d(kxa)

(pFy+ + pFy ) cos(kxa)
+
ma
~

ma
2~
240@ pFy q
p2Fy  + p
2
x
  pFy+q
p2Fy+ + p
2
x
1A cos2(kxa)
  cos(2kxa) ln
0@pFy  +
q
p2Fy  + p
2
x
pFy+ +
q
p2Fy+ + p
2
x
1A359=; q2x
+
nq2y
!2m

1  m

n2~a
Z 
0
d(kxa)(pFy    pFy+)

; (4.32)
where Eqs. (4.28) and (4.29) were employed. The insertion of Eq. (4.32) in Eq. (4.23),
generates the nal form of the dispersion law,
!2 =
e2
"m~3
Z 
0
d(kxa)
8<:(pFy+ + pFy ) cos kxa+ ma~

ma
2~
240@ pFy q
p2Fy  + p
2
x
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  pFy+q
p2Fy+ + p
2
x
1A cos2(kxa)  cos(2kxa) ln
0@pFy  +
q
p2Fy+ + p
2
x
pFy+ +
q
p2Fy+ + p
2
x
1A35 (aqx)2
+
2ne2
"m

1  m

n2~a
Z 
0
d(kxa)(pFy    pFy+)

(aqy)
2


X
s
jA(aqx + 2s)j2p
(aqx + 2s)2 + (aqy)2
: (4.33)
Eq. (4.33) reproduces the usual result obtained in homogeneous 2D lateral superlat-
tice for the propagation along the y direction, [38, 41] modied by the presence of
SOI coupling. Along the x direction the dispersion shows proportionality with the
miniband-width  and an enhancement proportional with the Rashba coupling con-
stant whose existence originates in the periodicity of the Bloch velocity that assures
the coupling between the density uctuations in the dierent SL wires that oscillate in
phase. In the following considerations, we focus on the Eq. (4.33) written for qy = 0.
The free propagation of the x plasmon is limited by the presence of the
electron-hole continuum (EHC), the region in the !   q plane that corresponds to
the creation of electron-hole pairs. The limits of the EHC are given by equations
that describe the maximum value of the energy dierence for a momentum transfer
of magnitude q, ~! = jEk+q;   Ek; j, for states on the Fermi surface. Accordingly,
for qy = 0, inter-chiral transitions are limited by
~! +(qx; qy = 0) =

2
sin2
qxa
2
+ 
q
p2F (=a+ qx) + p2x(=a+ qx) + pF (=a); ;
~!+ (qx; qy = 0) =  
2
sin2
qxa
2
+ 
q
p2F (=a+ qx) + p2x(=a+ qx) + pF+(=a) :
(4.34)
while the electron-hole continuum boundary for the intra-chiral modes is established
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by
~!  (qx; qy = 0) =

2
sin2
qxa
2
+ 
q
p2F (=a+ qx) + p2x(=a+ qx)  pF  ; (4.35)
Free propagation occurs in the range !   < ! < !+ . To illustrate our results,
we choose two distinct congurations comparable to experimentally studied sam-
ples of GaAs lateral superlattices. The material parameters are ~ = 5  10 11
eVm, [45] m = 0:067m0, " = 13:0. The periodic conning potential is assumed to
be parabolic, of strength (m=2)(=~)2x2, leading to a longitudinal form factor in
Eq. (4.22), A(qx) = e
 (~q)2=4m. A quick inspection of Eq. (4.33) indicates that the
values of the remaining SL parameters n; a; determine a great range of possible
values for the outcome. Our parameter selection is done such that the eect of the
Rashba interaction is maximized.
In the rst case, we consider a superlattice whose miniband width  is com-
parable with the Rashba interaction. For SL parameters a = 38 nm,  = 11 meV,
and n = 2:6 1015m 2 the Fermi energy is obtained to be EF = 21meV. The calcu-
lated Rashba interaction is about 10:5meV. The energy ~! of the x-axis plasmon is
plotted as a function of qxa for qy = 0, along with the EHC limits ~!+  and ~!  
and the plasmon energy in the absence of the Rashba coupling, ~!=0. A dotted
line represents ~!0, the frequency of the plasmon propagating along the y axis. The
enhancement of the plasmon frequency generated by the Rashba coupling is about
40%. The plasmon propagates freely outside the EHC limits at small values of qxa,
in region I and is damped in region II, inside the EHC.
In Fig. 4.3, we plot the plasmon frequency for a SL whose bandwidth  is
smaller than the maximum level of the Rashba interaction. For a = 53nm,  = 4:8
meV, and n = 1:8 1011cm 2, the Fermi energy is calculated to be 16meV, while the
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Figure 4.2: The frequency ! of x-axis plasmon propagating in a lateral superlattice
whose bandwidth  is comparable with the Rashba coupling is plotted as a function
of qxa (solid line).
The SL parameters are  = 11 meV, a = 38nm, n = 2:6 1015m 2. The increase in
the frequency is approximately 40%. By comparison, plots of the excitation frequency
in the absence of the SOI coupling !=0 and the y-direction plasmon mode in the
presence of SOI are also represented in dashed lines. Free propagation occurs in
region I, between EHC limits !   and !+ . Also shown, !0 (dotted line) is the
frequency of the plasmon propagating in a 2D isotropic environment with SOI at the
same density.
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maximum Rashba interaction is approximately 8meV. In this case, the Rashba deter-
mined enhancement of the plasmon frequency is even more pronounced, about 66%.
While we acknowledge the simplicity of the model discussed above, we expect that
the modied excitation frequency of the Rashba plasmon discussed here is directly
experimentally observable and provides a measurable account of the SOI eect on the
density-dependent properties of a 2D system. Moreover, the discrepancies between
experiments and the theoretical prediction can serve as a guidance to understand the
energy spectrum of the electrons in the SL.
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Figure 4.3: The frequency ! of x-axis plasmon propagating in a lateral superlattice whose
bandwidth  is smaller the Rashba coupling is plotted as a function of qxa (solid line). For
 = 4:8 meV, a = 53nm, and n = 1:8 1011cm 2, the Rashba coupling strength is 8meV.
For these parameters the increase in the frequency is approximately 60%. By comparison,
plots of the excitation frequency !=0 in the absence of the SOI coupling (dashed line) and
the y-direction plasmon mode !0 in the presence of SOI (dotted line) are also represented
in dotted lines. Free propagation occurs in region I, between EHC limits !   and !+ .
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Chapter 5
Conclusions
In this work, we analyze two problems of current interest that have at the cen-
ter semiconductor superlattice structures. First, we discuss the existence of a ltering
eect, that refers to the preferential scattering of low energy electrons in transport
processes, in a superlattice doped with nano-particle impurities. We have developed
a phenomenological model for thermoelectric eects in semiconductor superlattice
systems with nanoparticle inclusions modeled as rectangular potential barriers. The
established scattering channels, namely on acoustic phonons, optical phonons and
impurities were included in the model, as well as the scattering on nanoparticle in-
clusions. These are described as three-dimensional potential barriers that modify
the electron scattering life-time by introducing an additional relaxation time associ-
ated with multiple tunneling processes. For dierent barrier heights, we calculate the
electric conductivity and the Seebeck coecient in the mini-band conduction regime.
Our results indicate that a ltering eect is present and we are able to qualitatively
reproduce the experimental results. We observe, however, that within the parameters
of our model, the increase in the thermopower value is about 20% for our choice of
parameters. Using this model, the superlattice power factor was calculated for the
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cross-plane direction. The calculated decrease in the electric conductivity is compen-
sated by the reduced thermal conductivity on account of the same ErAs particles as
discussed in Ref. [16].
In the second problem, we discuss a many-body phenomenon that is of great
interest in understanding the interplay between the spin-orbit interaction and the
electron interaction in 2D lateral superlattices. In this case, the coupling realized by
a linear SOI between collective excitations in dierent layers allows the propagation
of a higher frequency phonon along the SL lattice. This enhancement is proportional
to the square root of the SOI coupling constant and the miniband width. This is the
only instance we are aware of where the SOI interaction acts as an amplier of the
plasmonic modes.
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